We consider theoretically a junction between two topological superconducting wires, mediated by a quantum dot. The wires are modelled by the Kitaev chains tuned into topological phase, which possess unpaired Majorana states at their ends. We derive the low energy Hamiltonian of the model. The Majorana states closer to the dot convert into the Dirac fermion inside the dot, forming fractional Josephson junction. The dot is additionally weakly coupled to the normal tunneling probe allowing transport measurement through the dot. When the topological wires are short, the unpaired Majorana end-states can hybridize inside the wire forming an extended Dirac fermionic state. It yields the destruction of the extended state in the dot. We discuss the dependence of the spectral density of the dot and its conductance on superconducting phase. We show that the conservation of parity of the junction, crucial for successful measurement of the fractional effect, can be assured by the gate voltage manipulation of the dot level position and that in case of an unpaired Majorana state in the junction a half conductance quantum can be observed.
Introduction
The Majorana fermions, exotic quasiparticles which are their own antiparticles, were proposed by Majorana in the context of particle physics [1] . They are exciting due to both their fundamental properties and potential application in topologically robust quantum computing [2] . The most promising scalable system in solid state appears to be a one dimensional p-type superconducting wire, originating from the idea proposed by Fu and Kane [3] . To make quantum computing on Majorana states feasible one needs methods for their unambiguous identification. One method is measurement of transport characteristics of the tunnel junctions between normal electrode and topological superconducting wire hosting Majorana bound states (MBS) [4] [5] [6] . However, there are still discouraging ambiguities whether the observed zero-bias anomaly in differential conductance is caused by Majorana zero modes or has another origin [7, 8] .
In this work we concentrate on another kind of measurement, which can prove the MBS existence, namely the phase sensitive current measurement in superconducting junctions. When two conventional superconductors are coupled together, they form the Josephson junction. The phase-biased supercurrent through such a junction has a characteristic dependence on the superconducting phase difference: J ∼ sin(∆φ) with 2π periodicity. Consequently, the ac Josephson effect has a resonant frequency ω r = qV / , where V is the applied dc voltage, is the Planck constant and the charge, q = 2e, is twice of electron charge. It is due to the fact that the Cooper pairs tunnel through the junction. This picture changes when conventional superconductors are replaced by topological ones with unpaired MBS at their ends. Fig. 1 . Schematic of the device setup. The InAs quasi-1D semiconducting wires are in proximity with Al electrodes forming superconducting ring. The quantum dot, which mediates the transport in the Josephson junction, is weakly coupled to a normal tunnel electrode, allowing to measure current tunneling into the dot and to the grounded superconductor.
In this case the current through the junction is mediated by the zero energy MBS in the gap. As a result, it is dominated by the single electron tunneling rather than Cooper pairs tunneling. The change of the tunneling charge q = 2e → e makes the junction "fractional" and yields the 4π periodicity of the Josephson current J ∼ sin(∆φ/2) and halving of the resonant frequency ω r . The latter feature results in the doubling of the Shapiro steps, which has been observed experimentally [9] .
In the present work we investigate a phase-biased Josephson junction with a quantum dot (QD) inside. Because occupation number and phase are complementary operators, it is extremely important to preserve the junction parity during current-phase measurement [10] . If the parity were not conserved during measurement, the measured phase dependence of the current would be 2π periodic as in ordinary Josephson junction [11] . We show that the gate voltage manipulation of the dot level position can "stabilize" the junction parity and demonstrate that both 4π periodicity and half of conductance quantum can be observed in the transport through the dot.
Experimental realization of 1D topological superconducting wires
The main obstacle in realization of p-wave topological superconductivity in quasi-1D wires is that electrons possess spin. However, a proper combination of the strong spin-orbit interaction inside the wire with external Zeeman field can lift spin degeneracy and cause that electrons behave as effectively spinless. It is realized in semiconductor wires with strong Rashba field and large gfactor as InSb [4, 5] or InAs [6, 12] wires. Such wires are exposed to proximity with usual s-wave superconductor, which induces effective pairing of spinless electrons. The wire enters a topological phase when the Zeeman field is the largest energy scale
, where ∆ is induced superconducting gap and µ chemical potential in the wire. In the wire prepared in this way unpaired Majorana states should emerge at its the ends, provided that the wire is long enough to exclude hybridization between them. It has been first modeled by Kitaev chain [13] .
Very recently Kitaev chain was realized by depositing ferromagnetic atomic chain of Fe atoms onto conventional Pb superconductor [14] . In this case the external magnetic field was not needed due to the inherent ferromagnetism of the structure, and the strong spin-orbit field is provided by the Pb substrate.
The model and theoretical approach
The model, depicted in Fig. 1 , is composed of two topological superconducting wires (TSW) attached to a quantum dot. Because of the large Zeeman field needed for topological superconductivity to appear the dot can be considered as effectively non-interacting. At the ends of the wires unpaired MBS are formed. The states closer to the QD are coupled to each other through the dot forming fractional Josephson junction. Additionally, the dot is coupled to the normal metal tunnel probe allowing the measurement of the electron transport through it. The model is similar to the experimental setup by Chang et al. [15] . Magnetic field piercing the ring allows to control the difference of superconducting phases between two sides of the junction.
The TSW are modelled by Kitaev chains [13] describing spinless p-wave superconductor. For the wire α = L, R:
Further we assume the simplest topological phase; according to Kitaev for µ α = 0, |∆ α | = t α ≡ t. In this regime, the Hamiltonian of the wires assumes the form
The induced superconducting order parameter, ∆, inside the wires is chosen as a unit in our calculations. It is of the order of 0.3 meV [4, 5] .
The Dirac fermions in the Kitaev chains can be expressed in terms of two Majorana fermions. For each i-site of the wire α:
We choose the gauge such that φ L ≡ 0 and φ R ≡ ∆φ, being the phase difference between wires R and L.
The TSW Hamiltonian in this notation describes the coupling between MBS of adjacent sites
and two end-site MBS γ 
the wire Hamiltonian becomes diagonal
H tun describes tunneling of electrons between Left and Right wire and the dot 
It can be opposed to the process of electron tunneling from the dot into a single Majorana end state [16] , in which this conversion does not take place. Taking into account Eqs. (3) and (8), the tunneling Hamiltonian is written in terms of the Majorana states revealing its dependences on superconducting phase
In the last step, we refermionize H tun using Eqs. (5) and (8) and get
When the topological wires are short, there is finite probability of hybridization of the end-side MBS in the each P. Stefański wire. It is described by the overlap α ∼ e −Lα/ξ , ξ is the superconducting coherence length. For the wire length L α ∼ 500 nm [4, 15] it was negligible. The hybridization between end Majorana states hinders their detection and can be detrimental for logical operations on the Majorana states [17] . We show in our setup that for finite hybridization there are still signatures of the Majorana existence sensed by the tunnel probe coupled to the dot. Hamiltonian describing the process of hybridization has the form
As a result, a non-local Dirac fermion can be created out of two MBS in each wire:
. Taking into account this relation and Eq. (8), H hyb can be written in terms of the Dirac fermions
Finally, the Hamiltonian of the dot reads
where QD's level can be shifted by gate voltage with respect to the Fermi level in the probe, positioned at zero energy, F = 0. The Hamiltonian of the normal tunnel probe to which the dot is attached reads
and the Hamiltonian describing the dot-probe coupling has the form
The total Hamiltonian written in terms of the Dirac fermions composed of Eqs. (6), (10), (12)- (15) is utilized to calculate retarded QD Green function,
, by means of equation of motion method. The Hamiltonian is quadratic in creation and annihilation operators, which allows to obtain the QD Green function exactly. In energy domain it reads
,
where Γ p = 2πt 
We assumed that the dot is weakly coupled to the normal probe, such that the entire voltage drop takes place in the junction between the dot and the probe.
Numerical results and discussion
In Fig. 2 , the evolution of the spectral density of the dot for various possibilities of MBS states hybridizations inside the wires is shown. When both wires are long enough that the hybridization of the Majorana states at the ends of each wire is negligible, the Majorana γ It is worth to emphasize that independent of the MBS hybridization scenario the density of states of the dot exhibits 4π periodicity with respect to ∆φ, characteristic to fractional Josephson junction. It is reflected in zerobias conductance through the dot, as shown below.
In Fig. 3 , the dependence of the finite temperature zero-bias conductance through the dot on the superconducting phase difference is presented. The dependences are shown for three different positions of the QD level and L = 0 and R = 0. In this case an unpaired MBS in the R-wire produces a resonance at Fermi level. Each time the renormalized QD level reaches Fermi level, a peak in conductance is developed reaching its maximal value of the half-conductance quantum, e 2 /2h, characteristic for the existence of zero energy MBS. It is important to note that zero-bias conductance dependences reflect different junction parities; odd for d = −0.1, well below the Fermi energy, and even in the opposite case of d = 0.1. They possess fractional 4π periodicity. It can be contrasted to the case of d = 0 (solid curve) when the parity is not well defined and the junction displays 2π periodicity as in a standard Josephson junction. Thus, the preservation of parity can be stabilized by gate voltage manipulation of the QD level position. It has crucial importance to the Majorana state detection inside the junction. For the other scenarios of inside-wire hybridizations, i.e. for L = 0 and R = 0 or L = 0 and R = 0, the 4π periodicity is also observed when | d | F . In the former case when fermionic d state is formed out of two end Majorana from different wires, the zero-bias conductance reaches one conductance quantum, e 2 /h, when renormalized QD level crosses Fermi level. In the latter case the finite temperature conductance is very small (note that in T = 0 the conductance is exactly zero independent of d or ∆φ because ρ dot ( F ) = 0 in this case, see Fig. 2 ).
